A new exactly solvable one-dimensional spin-3/2 Heisenberg model with SO(5)-invariance is proposed. The eigenvalues and Bethe ansatz equations of the model are obtained by using the nested algebraic Bethe ansatz approach. Several exotic elementary excitations in the antiferromagnetic region such as neutral spinon with zero spin, heavy spinon with spin-3/2 and dressed spinon with spin-1/2 are found.
To show the SO(5) symmetry of our model, we introduce the following Dirac matrices
The 10 
After some algebra, we find that the Hamiltonian (1) commutes with the generators (3), [H, Γ a,b ] = 0. Thus the model has the SO(5) symmetry. Different from the SU (4) integrable spin chain, there only exist three conserved quantities and the number of spins with individual components is no longer conserved. After some detailed analysis, we find that the following quantities are conserved
The R-matrix of this model reads
where λ is the spectral parameter; P s ab is the projection operator in the total spin-s channel and acts on the two coupled spin space V a ⊗ V b . Just as the SU (4) one, the non-trivial scattering processes only exist in the total spin-0 and 2 channels, but here the scattering strengths are different in these two channels.
This R-matrix satisfies the Yang-Baxter equation [8, 22] R ab (λ)R bc (λ + µ)R ab (µ) = R bc (µ)R ab (λ + µ)R bc (λ).
In the frame work of quantum inverse scattering method(QISM), the Lax operators of the system are L n (λ) = R 0n P 0n = 2λ + 3i 2λ − 3i P 0 ab + P
where V 0 is an auxiliary space and V n is the quantum space. P 0n is the permutation operator, which can be expressed by the projection operators as P 0n = −P . The monodromy matrix T is constructed by the Lax operators as
The monodromy matrix T satisfies the Yang-Baxter relation
Taking trace in the auxiliary space of T , we obtain the transfer matrix t(λ) = tr 0 T (λ).
From the Yang-Baxter relation, one can prove that the transfer matrices with different spectral parameters commutate with each other,
[t(λ), t(µ)] = 0.
These transfer matrices are the infinite conserved quantities of this system. Thus the system is integrable. Taking the derivative of the logarithm of the transfer matrix, we arrive at the Hamiltonian (1) [23, 24] H = − 9J 4
∂ ln T (λ) ∂λ 
Here, we have used the fact that the Lax operator (7) degenerates into the permutation operator when the spectral parameter is zero, L ab (λ)| λ=0 = P ab , and put a constant J into the Hamiltonian. The eigenvalue problem of the Hamiltonian is therefore turned into the diagonalization of transfer matrices. Suppose the eigenvalues of the Hamiltonian and the transfer matrix are E and Λ, then the eigenvalue E can be determined by the eigenvalue λ as
where f (λ) = 2λ/(2λ + i). The operators i B 1 (λ) and i B 2 (λ) are
where m(λ) = i/(2λ + i) and s(λ) = −2λi/(2λ + 3i)(2λ + i). Thus the actions of i B 1 and i B 2 get a flip of one and two spin quanta respectively. Obviously, the whole state space can be obtained by these two operators. This is quite different from the SU (4) one in which | − 3/2 i can not be reached with the flips made by i B 1 and i B 2 . So that the construction of the eigenstates might only need these two operators in this model. This makes that only once nesting is needed in the algebraic Bethe ansatz of the model (1) . In fact i F is also needed in the construction of the eigenstates but plays an assistant role and doesn't affect the number of nestings.
The global vacuum state of the system (1) is the production of local vacuum states |0 = |0 1 ⊗ |0 2 ⊗ · · ·⊗ |0 N . The monodromy matrix T acting on the global vacuum state gives
where g j i are some coefficients, and * represents the nonzero element. The matric form of the monodromy matrix T in the auxiliary space is
whereA,
Acting these elements on the vacuum state, we obtain
The operators C j , C * j , G, D and V acting on the vacuum state |0 give the eigenvalues. The elements B j , F and B * j acting on the vacuum state |0 will generate other spin-flipped states, and thus can be regarded as the generating operators of the multi-particle eigenstates of the transfer matrix.
Now we turn to the eigenvalue problem of transfer matrix T . From the definition (18), the transfer matrix can be expressed in the form of (20) . Obviously, |ψ 0 = |0 is an eigenstate of t(λ), and the corresponding eigenvalue is
Here |ψ 0 is called zero-particle state. To construct the other eigenstates of the transfer matrix, the generating operators B j , B * j and F should be used. B j and F are enough to generate these states as shown bellow. Assume that the eigenstates of the transfer matrix have the form |ψ = ψ(B j , F ) |0 . To go further, we need need the commutation relations of
. From the Yang-Baxter relation (9) we obtain [25] 
Where
where
Here the parameter (λ−µ) is omitted for short and the parameter (µ−λ) is also omitted by adding a tilde above the corresponding function. The commutation relation of
where n(λ) = ic(4λ + 3i)/(2λ + 3i)(2λ + i).
The commutation relations of D a a F are contained in them.
For C a and C * a appear in the left hand of (26), the commutation relation of them with the operators B a and F are also needed in the discussion. For only one and two-particle cases are discussed in detail here, the commutation rules used in this article are
Additionally, in the discussion of the three-particle wave functions, the following commutation relations are needed,
From the commutation rules listed above, the eigenstates and eigenvalues of the transfer matrices can be discussed. The one particle state can be defined by B i operator acting on the vacuum state as usual,
where W a the coefficients of B a (λ 1 ). The transfer matrix acting on the one particle state arrives
If the one particle state is a eigenstate of the transfer matrix, terms including B a (λ)W a |0 and B * b (λ)ξ ab W a |0 should be canceled with each other. The condition that the unwanted terms cancel with each other gives
The Eq. (37) is the Bethe ansatz equation. If the parameter λ 1 satisfies the Bethe ansatz equation (37), the one particle state (35) is an eigenstate of the system. The eigenvalue Λ 1 (λ, λ 1 ) of the transfer matrix at one-particle state is
To generate the two particle states, operator F is needed additionally. The two-particle eigenstate is assumed to be
where h(λ 1 , λ 2 ) is a undetermined function. Acting the transfer matrix t N (λ) on the assumed state (39), we obtain
Here, ψ 0 2 denotes the eigenstate which including the operators B a1 (λ 1 )B a2 (λ 2 ) and 
and F (λ) respectively. The unwanted terms should be canceled with each other, which gives the form of the function h and the Bethe ansatz equations. The unwanted terms ψ 1 2 and ψ 2 2 can be explicitly expressed as
If the function h satisfies
the terms ψ 
After some tedious calculations, we find that if the parameter λ 1 and λ 2 satisfy the following Bethe ansatz equations
We find that if the parameter λ 1 and λ 2 satisfy Eq. (43) and
The unwanted term ψ 5 2 is zero. The Eqs. (46) and (48) are the two-particle Bethe ansatz equations, which can be written into a uniform form
The function W a1a2 can be determined by the nested algebraic Bethe ansatz. Together with Eq. (43), the following unwanted terms ψ 6 2 and ψ 7 2 can be canceled,
With the above results, the explicit form of the two-particle eigenstate of the system is
Considering Eqs. (43) and (49), the eigen-equation of the transfer matrix becomes
The eigen-value of two-particle state is
(1)
From the above discussions, we see that the construction of eigenstates of the SO(5)-invariant quantum spin chain is quit different from that of the SU (4)-invariant one. The spin-flipped operators are very complicated. The symmetry analysis of the states is helpful to construct the eigenstates [25] . Now, we construct the many-particle eigenstates. We define ψ n as the creation operators of the n-particle state for convenience
T are some vectors. Obviously, ψ 0 = 1 for |ψ 0 = |0 . From Eqs. (35) and (39), we know the creation operators of one and two-particle eigenstates are
From the commutation relations (32), the relation of ψ(λ 1 , λ 2 ) and ψ(λ 2 , λ 1 ) is
After a more detailed analysis, we find that the three-particle states should have the same symmetry. Assume the three-particle eigenstates as
which satisfies
Borrowed the ideas in [25] , the generator of multi-particle state is assumed as
By using the same process as that for the two-particle case, we obtain the following Bethe ansatz equations
where Λ
is the eigenvalue of a series production of r matrices
Now, we diagonalize the eigen-equation (64). One can easily check that the nested R matrix satisfies the Yang-Baxter equation (6) . In fact, it is the 6-vertex R-matrix in space V
(1) ⊗ V (1) with V (1) a two dimensional space. The corresponding Lax operator is (1) The nested monodromy matrix is defined as
which satisfies the Yang-Baxter relation (9) . The nested transfer matrix is
The transfer matrices with different spectral parameters commutate with each other
Using the standard Bethe ansatz method for the six-vertex model, we obtain the eigenvalue of nested transfer matrix t
M1 as
where the parameter µ i should satisfy the following Bethe ansatz equation
Substituting Eq. (69) into (62) and (63), we obtain the eigenvalues of T N (λ) as
The Bethe ansatz equations are Eq. (70) and
Putting λ i → λ i − i/4, µ j → µ j + 3i/4, the Bethe ansatz equations (70) and (72) can be written as
From the relation (71), we obtain the eigenvalue E of the Hamiltonian H (1) as
where a t (x) = t/[π(x 2 + t 2 )] and λ j should satisfy the Bethe ansatz equations (73). The momentum P is [4, 26] 
where k j are parameterized by e ikj = (λ j − i/4)/(λ j + i/4). The basis of Hilbert space V i are |3/2 i , |1/2 i , − |1/2 i and − |3/2 i . Thus the vacuum state is a ferromagnetic state |0 = |3/2 1 ⊗|3/2 2 ⊗· · ·⊗|3/2 N . The M 1 +M 2 is the total number of flipped spins from this ferromagnetic state, so the total spin along the z-component and magnetization are
From Eq. (74), if J < 0, the λ will lead to addition to the energy. Therefore, the ground state of this case is the ferromagnetic state |0 . While if J > 0, the λ will contribute a negative value to the energy, so the ground state might be a anti-ferromagnetic state. In order to obtain the ground state configuration of the system, we
IV. THERMODYNAMICS
Now, we solve the Bethe ansatz equations (73). In the thermodynamic limit, both the total particle number and the system size tend to infinity while the ratio N/L keeps a non-zero constant. The Bethe ansatz equations can have the complex solutions, i.e., strings. Checking of the Bethe ansatz equations (73) in detail, we find that the string hypothesis of the Bethe ansatz equations (73) is
where λ n β and µ m ν are the real parts of the n-string of λ and the m-string of µ, respectively. From Eq. (71), we see that the contributions of n-string of λ to the energy is
Jπa n/4 (λ n z ).
The energy E and the momentum P are
where (x − it)/(x + it) = −e iθt(x) and θ t (x) = 2 arctan(x/t). Substituting the string solutions into the Bethe ansatz equations (73), we have 
In the thermodynamic limit, the summations become integrations. Denoting η n and σ m as the densities of λ n-strings and µ m-strings in the thermodynamic limit, and η h n and σ h m as the corresponding densities of holes, the Bethe ansatz equations read
where the densities of λ n z and µ n z are denoted as η n (λ z ) and η n (µ z ), respectively, Is are the quantum numbers, and the operator * is defined by
Taking the differentials of Eq. (88), we obtain the integral form of the Bethe ansatz equations
whereÂ t m,n andB t m,n are the integral operators,Â t m,n = a (m+n)/t +2a (m+n−2)/t +· · ·+2a (|m−n|−2)/t +a (|m−n|)/t , B t m,n = a (2m+n−1)/t +a (2m+n−3)/t +· · ·+a (|2m−n|+1)/t . In the derivation, we have used the relation (∂/∂x)θ t (x) = 2πa t (x).
At temperature T , the Gibbs free energy of the system (1) with an external magnetic field h reads
Minimizing the Gibbs free energy at the thermal equilibrium, we obtain the following thermodynamic Bethe ansatz equations
In the derivation, we have used the following relations
.
V. GROUND STATE
In order to obtain the ground state of the system (1), we first define the dressed energies of n-string λ and m-string µ
From Eqs. (90) and (95), we find that the dressed energies should satisfy
In the thermodynamic limit, we obtain the following thermodynamic Bethe ansatz equations for the dressed energy
The dressed energies can be divided into two parts ǫ + (k) and ǫ − (k),
The ground state string distribution of the system can be obtained by taking the limit of T → 0 and h → 0. − (λ)/T ]. If J < 0, the ground state of the system is the ferromagnetic state |0 = ⊗ N j=1 |3/2 . It is easy to understand from the eigen energy (80) for a n-string λ give a positive contribution e n (λ z ) to the eigen energy. In the ground state, the total spin along z-direction and the magnetization are S z = 3N/2 and m = 3/2, respectively. It is a highest weight representation of the Yang-algebra (9) . The ground state energy and momentum are E = −99JN/8 and P = 0, respectively. If J > 0, we find that some λs are real while the others form 2-strings, and the µs are real. Such a ground state configuration is quite different from that of the SU (4) Sutherland model where there is no string or spin bound state in the ground state. In the present SO(5) case, part of the spectral parameters form 2-strings which heavily affect the spin excitations as we shall show below. To make the ground state energy lowest, all these strings are filled up and no holes left. This can be understood from the entropy S of the system. The completely filled string configurations contribute zero entropy, and make the system in a most stable sate.
From Eqs. (90), the densities η n 0 and σ m 0 satisfy the following integral equations
where 
Taking the inverse of Eq. (102), we obtain
where F = 1/(1 − K). The solution of (104) is η 01 (λ) = cosh(πλ),
Because all the density functions are even, the ground state string configuration {I 
After some derivations, we find M 1 = N and M 2 = N/2, which mean that the total spin of the ground state is 
From Eq. (98), the ground state dressed energies satisfy the following equations
Recalling the definition of the dressed energy ǫ = T ln(ρ h /ρ), we see that the dressed energies are negative in the limit of T → 0, which means that the corresponding strings are completely filled.
VI. ELEMENTARY EXCITATIONS
Based on the ground state configuration, the elementary excitations of the system can be studied exactly. For the ferromagnetic case (J < 0), elementary excitations are spin waves with dispersion relation ∆E = −18(J/n) cos 2 (n∆P/2). The excitations in anti-ferromagnetic sector (J > 0) are somehow complicated. In the language of Bethe ansatz, these can be described by the changes of the string distributions. These excitations are very different from those of the SU (4) model, for the ground state configuration contains 2-strings. In fact, the spin excitations can be described by adding some holes or high strings into the ground state configuration.
The holes and extra strings lead to redistributions of λs and µs. Formally, the extra strings contribute nothing to the energy because the contribution of such strings is exactly canceled by the rearrangement of the ground state distribution though they do contribute to the spin quanta carried by the excitations. The excited states can be determined by the integral Bethe ansatz equations with holes and high strings in the λ 1 , λ 2 and µ 1 sectors
T . In the thermodynamic limit the density of holes are
where m 1,2,3 represent the numbers of holes in real λ sea, in 2-string λ sea and in real µ sea, ν 
Denoting the charges of the densities as ∆ ρ(k) = ρ(λ) − ρ 0 (λ), which satisfies
Form Eq. (93), the excited energy is
Thus the excited energies are the summation of dressed energies carried by the holes with a inverse sign. The excited momentum is
The spin quanta carried by the spin excitation is
where m λ (l) and m µ (t) are the numbers of λ l-strings and the µ t-strings formed in the excitations, respectively. Because the energies, momenta and spins of the holes are additive, the thermodynamic behaviors of the system are mainly determined by the dispersion relations of the individual holes, which are shown in Fig.3 . From the Fig.3 , we find that the single λ 2-string hole carries the lowest energy with spin 3/2, which is named as heavy spinon here. These heavy spinons dominate the low temperature thermodynamics of the system. Surprisingly, the holes in the real λ sector carry zero spin, corresponding to a new kind of neutral spin excitations. The spin quanta carried by each µ hole are 2. Different from the SU (4) model, the λ 2-string heavy spinons cover one 
The numbers of holes and strings added are not independent but satisfy some constraints determined by the Bethe ansatz equations (90),
where m 1,2,3 are the numbers of holes in the real λ, 2-string λ and real µ-sea, m λ (l) and m µ (t) are the number of l-string in the rapidity λ and t-string in the rapidity µ, respectively. Thus ∆M 
Some possible hole configurations are listed in Table I Fig.2 . The simplest spin excitation is a real λ hole-pair m 0 1 that is two-neutral spinon excitation, corresponding to the two domain walls of a single excited domain (Fig. 5(a) ). The λ 2-string hole pair can not exist independently. They must be associated with a neutral spinon, i. e. m 0 3
( Fig. 5(c) ). Accompanied by a real µ hole, the λ 2-string hole pair is also a possible excitation m 0 5 ( Fig. 5 (e) ). Further, if we add a λ 4-string into a 2-string hole pair and a real λ hole in the λ-sea, the total spin of this excitation is 1 (m 2 in Table. I). In this case each of the λ 2-string holes carries a spin 1/2. Such a dressed hole is quite similar to the ordinary spinon, and it is named as dressed spinon here. Four λ 2-string holes m 0 5 may exist independently (Fig. 5) . If we put further one λ 6-string and one µ 3-strings into this four hole configuration (m 5 in Table. I), we obtain the SO(5) spin singlet excitation. The simplest excitation in the µ sector is a pair of real µ holes m 0 6 ( Fig. 5(d) ). This excitation is quite similar to a real λ hole pair but each of the real µ hole carries a spin 2. Joint pair of a real λ hole and a real µ hole m 0 2 may also happen as shown in Table. I. Other kinds of spin excitations such as m 1 , m 3 and m 4 can be constructed similarly. 
VII. CONCLUSION
In conclusion, we propose an integrable spin-3/2 chain model with SO(5) symmetry. By using the nested quantum inverse scattering method, we obtain the exact solutions of the system. Different from the SU (4) integrable spin chain, there only exist three conserved quantities. Based on the exact solutions, the ground state and thermodynamic properties of the system are discussed. Several new kinds of spin excitations such as the neutral spin excitations, heavy spinons and dressed spinons are found.
